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ABSTRACT
We ompute the Hausdor dimension of limit sets generated by 3-dimensional self-ane mappings
with diagonal matries of the form
Aijk =
0
@
aijk 0 0
0 bij 0
0 0 ci
1
A ,
where 0 < aijk ≤ bij ≤ ci < 1, and a Markov partition as in Figure 1. By doing so we show that
the variational priniple for the dimension holds for this lass.
Keywords: Hausdor dimension; variational priniple
Figure 1.
1. Introdution
A main diulty in alulating Hausdor dimension is the phenomenon of non-
onformality whih arises when we have several rates of expansion. In the 1-
dimensional (onformal) setting the omputation of Hausdor dimension is possible,
at least in the uniformly expanding ontext, due to the thermodynami formalism
introdued by Sinai-Ruelle-Bowen (see [3℄ and [12℄). The problem of alulating
Hausdor dimension in the non-onformal setting was rst onsidered by Bedford
[2℄ and MMullen [10℄. They showed independently that for the lass of trans-
formations alled general Sierpi«ski arpets, there exists an ergodi measure of full
Hausdor dimension. Following these works several extensions have been made, e.g.
1
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in [5℄, [6℄, [8℄, [9℄ and [1℄. The transformations onsidered in these works are in the
plane and the methods used therein present diulties when extending to higher
dimensions. So far the omputation of Hausdor dimension for transformations in
higher dimensions was only done in [7℄ for d-dimensional general Sierpi«ski arpets
(d ≥ 2). In this work we ompute the Hausdor dimension of some self-ane gen-
eralizations of 3-dimensional general Sierpi«ski arpets, whih are 3-dimensional
extensions of the planar onstrutions onsidered in [5℄.
We try to follow the methods in [5℄ and [8℄. The main diulty is proving the
upper estimate for the Hausdor dimension of the invariant set, sine for eah point
in the set we must hoose arefully an appropriate invariant probability measure.
This is done by onstruting a two-parameter family of Bernoulli measures, one
parameter stands for the Hausdor dimension of horizontal bres, and the other is a
non-onformality parameter (see Lemmas 4 and 6). We note that in [5℄ the authors
also use a one-parameter family of Bernoulli measures, with a non-onformality
parameter. The proof of this upper estimate also depends heavily on a alulus
lemma whih is proved in Setion 4.
We begin by desribing what we mean by a d-general Sierpi«ski arpet (d ≥ 2).
Let T
d = Rd/Zd be the d-dimensional torus and f : Td → Td be given by
f(x1, x2, ..., xd) = (l1x1, l2x2, ..., ldxd)
where l1 ≥ l2 ≥ ... ≥ ld > 1 are integers. The grids of hyperplanes
{i/l1} × [0, 1]d−1, i = 0, ..., l1 − 1
[0, 1]× {i/l2} × [0, 1]d−2, i = 0, ..., l2 − 1
.
.
.
[0, 1]d−1 × {i/ld}, i = 0, ..., ld − 1
form a set of boxes eah of whih is mapped by f onto the entire torus (these boxes
are the domains of invertibility of f). Now hoose some of these boxes and onsider
the fratal set Λ onsisting of those points that always remain in these hosen
boxes when iterating f . Geometrially, Λ is the limit (in the Hausdor metri), or
the intersetion, of n-approximations : the 1-approximation onsists of the hosen
boxes, the 2-approximation onsists in replaing eah box of the 1-aproximation
by a resaled opy of the 1-approximation performed by an ane map of diagonal
matrix, and so on. We say that Λ is a d-general Sierpi«ski arpet. The Hausdor
dimension of d-general Sierpi«ski arpets was omputed in [7℄, where the authors
prove the existene of an invariant Bernoulli measure of full dimension.
Now we introdue a lass of sets in R
d
that are self-ane generalizations of d-
general Sierpi«ski arpets. Let S1, S2, ..., Sr be ontrations of R
d
. Then there is a
unique nonempty ompat set Λ of Rd suh that
Λ =
r⋃
i=1
Si(Λ).
We will refer to Λ as the limit set of the semigroup generated by S1, S2, ..., Sr. We
are going to onsider sets Λ whih are limit sets of the semigroup generated by the
d-dimensional mappings Ai1i2...id given by
Ai1i2...id =


ai1i2...id 0 · · · 0
0 ai1i2...id−1 0 · · · 0
· · ·
0 · · · 0 ai1

x+


ui1i2...id
ui1i2...id−1
.
.
.
ui1


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for (i1, i2, ..., id) ∈ I. Here
I = {(i1, i2, ..., id) : 1 ≤ i1 ≤ m, 1 ≤ i2 ≤ mi1 ,
1 ≤ i3 ≤ mi1i2 , ..., 1 ≤ id ≤ mi1i2...id−1}
is a nite index set, and 0 < ai1...ik < 1 , k = 1, ..., d satisfy
ai1...ikik+1 ≤ ai1...ik .
Also, for eah (i1, ..., id) ∈ I and k ∈ {1, ..., d},
m
i1...ik−1∑
ik=1
ai1...ik ≤ 1
(by onvention, when k = 1 the end of the sum is m) and
0 ≤ ui1...ik < ui1...ik+1 < 1 , ui1...ik+1 − ui1...ik ≥ ai1...ik ,
when k > 1, ik = mi1...ik−1 we substitute ui1...ik+1 by 1. These hypotheses guaran-
tee that the boxes
Ri1...id = Ai4...id([0, 1]
d)
have interiors that are pairwise disjoint, with edges parallel to the oordinate axes,
the box Ri1...id having k
th−edge with length ai1...ik . Geometrially, Λ is on-
struted like the d-general Sierpi«ski arpets, with the 1-approximation onsisting
of the boxes Ri1...id , the 2-approximation onsisting in replaing eah box of the
1-aproximation by an ane opy of the 2-approximation, and so on. See Figure
1 for an illustration of the ase d = 3. The ase d = 2 onsidered in [5℄ and [8℄
orresponds to the projetion onto the yz-plane of Figure 1.
Denition 1. When d = 3 we say that Λ is a self-ane Sierpi«ski sponge.
In this ase we also use the notation i = i1, j = i2, k = i3, ci = ai and bij = aij .
We will need the following generi hypothesis on the numbers aijk. For eah t ∈
[0, 1], there exist 1 ≤ i ≤ m and 1 ≤ j < j′ ≤ mi suh that
mij∑
k=1
atijk 6=
mij′∑
k=1
atij′k. (1)
Notation: dimH Λ stands for the Hausdor dimension of a set Λ.
Theorem A. Let d = 3 and suppose (1) is satised. Then
dimH Λ = sup
p
{λ(p) + t(p)} (2)
where p = (pi1...id−1) is a olletion of non-negative numbers satisfying
pi1...ik =
∑
ik+1
pi1...ikik+1 , k = d− 2, d− 3, ..., 1
∑
i1
pi1 = 1,
the number λ(p) is given by
λ(p) =
d−1∑
k=1
∑
i1...ik
pi1...ik log pi1...ik −
∑
i1...ik−1
pi1...ik−1 log pi1...ik−1∑
i1...ik
pi1...ik log ai1...ik
,
(by onvention: 0 log 0 = 0; for k = 1 the seond sum in the numerator is 0)
and t(p) is the unique real in [0, 1] satisfying∑
i1...id−1
pi1...id−1 log
(∑
id
a
t(p)
i1...id−1id
)
= 0.
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Remark 1.
(1) We have mantainned the multidimensional notation beause some of the re-
sults in the proof of Theorem A hold for any d ≥ 2 (and without hypothesis
(1)), namely the inequality ≥ in (2).
(2) The number λ(p) is the Hausdor dimension in the hyperplane x2...xd of
the set of generi points for the distribution p; the number t(p) is the
Hausdor dimension of a typial 1-dimensional bre in the x1-diretion
relative to the distribution p, and is given by a random Moran formula.
It follows from the proof of Theorem A (see Lemma 3) that the expression
between brakets in (2) is the Hausdor dimension of a Bernoulli measure µp. Sine
the funtions p 7→ λ(p) and p 7→ t(p) are ontinuous, we obtain the following.
Corollary A. With the same hypotheses of Theorem A, there exists p
∗
suh that
dimH Λ = dimH µp∗ .
2. Basi results
Here we mention some basi results about fratal geometry and pointwise di-
mension. For proofs we refer the reader to the books [4℄ and [11℄.
We are going to dene the Hausdor dimension of a set F ⊂ Rn. The diameter
of a set U ⊂ Rn is denoted by |U |. If {Ui} is a ountable olletion of sets of
diameter at most δ that over F , i.e. F ⊂ ⋃∞i=1 Ui with |Ui| ≤ δ for eah i, we say
that {Ui} is a δ-over of F . Given t ≥ 0, we dene the t-dimensional Hausdor
measure of F as
Ht(F ) = lim
δ→0
inf
{
∞∑
i=1
|Ui|t : {Ui} is a δ-over of F
}
.
It is not diult to see that there is a ritial value t0 suh that
Ht(F ) =
{
∞ if t < t0
0 if t > t0.
We dene the Hausdor dimension of F , written dimH F , as being this ritial
value t0.
Let µ be a Borel probability measure on Rn. The Hausdor dimension of the
measure µ was dened by L.-S. Young as
dimH µ = inf{dimH F : µ(F ) = 1}.
So, by denition, one has
dimH F ≥ sup{dimH µ : µ(F ) = 1}.
In this paper we are interested in the validity of the opposite inequality in a dy-
namial ontext. In pratie, to alulate the Hausdor dimension of a measure, it
is useful to ompute its lower pointwise dimension:
dµ(x) = lim inf
r→0
logµ(B(x, r))
log r
,
where B(x, r) stands for the open ball of radius r entered at the point x. The
relations between these dimensions are given by the following propositions.
Proposition 1.
(1) If dµ(x) ≥ d for µ-a.e. x then dimH µ ≥ d.
(2) If dµ(x) ≤ d for µ-a.e. x then dimH µ ≤ d.
(3) If dµ(x) = d for µ-a.e. x then dimH µ = d.
Proposition 2. If dµ(x) ≤ d for every x ∈ F then dimH F ≤ d
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3. Proof of Theorem A
Part 1: dimH Λ ≥ supp{λ(p) + t(p)}
In this part, d is any integer greater than or equal to 2.
There is a natural symboli representation assoiated with our system that we
shall desribe now. Consider the sequene spae Ω = IN. Elements of Ω will be
represented by ω = (ω1, ω2, ...) where ωn = (i
1
n, ..., i
d
n) ∈ I. Given ω ∈ Ω and n ∈ N,
let ω(n) = (ω1, ω2, ..., ωn) and dene the ylinder of order n,
Cω(n) = {ω′ ∈ Ω : ω′l = ωl, l = 1, ..., n},
and the basi box of order n,
Rω(n) = Aω1 ◦Aω2 ◦ · · · ◦Aωn([0, 1]d).
We have that (Rω(n))n is a dereasing sequene of losed boxes having k
th−edge
with length
∏n
l=1 ai1l ...ikl . Thus
⋂∞
n=1Rω(n) onsists of a single point whih belongs
to Λ that we denote by χ(ω). This denes a ontinuous and surjetive map χ : Ω→
Λ whih is at most 2d to 1, and only fails to be a homeomorphism when some of
the boxes Ri1...id have nonempty intersetion.
We shall onstrut probability measures µp supported on Λ with
dimH µp = λ(p) + t(p).
This gives what we want beause dimH Λ ≥ dimH µp.
Let µ˜p be the Bernoulli measure on Ω that assigns to eah symbol (i
1, ..., id) ∈ I
the probability
pi1...id−1
a
t(p)
i1...id∑
jd a
t(p)
i1...id−1jd
.
In other words, we have
µ˜p(Cω(n)) =
n∏
l=1
p
i1
l
...i
d−1
l
a
t(p)
i1
l
...id
l∑
jd a
t(p)
i1
l
...i
d−1
l
jd
.
Let µp be the probability measure on Λ whih is the pushforward of µ˜p by χ, i.e.
µp = µ˜p ◦ χ−1.
For alulating the Hausdor dimension of µp, we shall onsider some spe-
ial sets alled approximate ubes. Given ω ∈ Ω and n ∈ N suh that n ≥
(logmin ai1...id)/(logmax ai1), dene L
0
n(ω) = n,
L1n(ω) =max
{
k ≥ 1 :
n∏
l=1
ai1
l
≤
k∏
l=1
ai1
l
i2
l
}
.
.
. (3)
Ld−1n (ω) =max
{
k ≥ 1 :
n∏
l=1
ai1
l
≤
k∏
l=1
ai1
l
...id
l
}
and the approximate ube
Bn(ω) =


i1l = i
1
l , l = 1, ..., n
ω ∈ Ω : i2l = i2l , l = 1, ..., L1n(ω)
.
.
.
idl = i
d
l , l = 1, ..., L
d−1
n (ω)


.
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We have that eah approximate ube Bn(ω) is a nite union of ylinder sets, and
that approximate ubes are nested, i.e., given two, say Bn(ω) and Bn′(ω
′), ei-
ther Bn(ω) ∩ Bn′(ω′) = ∅ or Bn(ω) ⊂ Bn′(ω′) or Bn′(ω′) ⊂ Bn(ω). Moreover,
χ(Bn(ω)) = B˜n(ω) ∩ Λ where B˜n(ω) is a losed box in Rd with edges parallel to
the oordinate axes, the kth−edge with length ∏Lk−1n (ω)l=1 ai1l ...ikl . By (3),
1 ≤
Lk−1n (ω)∏
l=1
ai1
l
...ik
l
n∏
l=1
ai1
l
≤ max a−1
i1...id
, (4)
for k = 1, ..., d, hene the term approximate ube. It follows from (4) that∑Lk−1n (ω)
l=1 log ai1l ...ikl∑n
l=1 log ai1l
= 1 +
1
n
∑Lk−1n (ω)
l=1 log ai1l ...ikl −
∑n
l=1 log ai1l
1
n
∑n
l=1 log ai1l
→ 1. (5)
Also observe that Lk+1n (ω) ≤ Lkn(ω) and Lkn(ω)→∞ as n→∞.
First we alulate the dimension of the vertial part. Let
J = {(i1, ..., id−1) : (i1, ..., id−1, id) ∈ I for some id}
and Γ = J N. Consider the natural projetions π˜ : Ω→ Γ and π : Rd → Rd−1 given
by π(x1, ..., xd) = (x2, ..., xd). We onsider the measures
ν˜p = µ˜p ◦ π˜−1 and νp = µp ◦ π−1.
Lemma 1. If d > 2 then for every k ∈ {1, ..., d− 2},
Lkn(ω)
Lk−1n (ω)
→
∑
i1...ik
pi1...ik log ai1...ik∑
i1...ik+1
pi1...ik+1 log ai1...ik+1
for ν˜p-a.e. ω.
Proof. It follows from (5) that∑Lkn(ω)
l=1 log ai1
l
...i
k+1
l∑Lk−1n (ω)
l=1 log ai1l ...ikl
→ 1. (6)
By Kolmogorov's Strong Law of Large Numbers (KSLLN),
1
Lk−1n (ω)
Lk−1n (ω)∑
l=1
log ai1
l
...ik
l
→
∑
i1...ik
pi1...ik log ai1...ik for ν˜p-a.e. ω (7)
and (redundantly)
1
Lkn(ω)
Lkn(ω)∑
l=4
log a
i1
l
...i
k+1
l
→
∑
i1...ik+1
pi1...ik+1 log ai1...ik+1 for ν˜p-a.e. ω. (8)
The result follows by (6), (7) and (8). 
The next lemma is a multidimensional version of [5, Proposition 3.3℄.
Lemma 2. dimH νp = λ(p).
Proof. To alulate the Hausdor dimension of νp we are going alulate its point-
wise dimension and use Proposition 1. Remember that χ(Bn(ω)) = B˜n(ω) ∩ Λ
where, by (4), B˜n(ω) is approximately a ball in R
d
with radius
∏n
l=1 ai1l , and that
νp(πB˜n(ω)) = ν˜p(π˜Bn(ω)).
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Also, χ is at most 2d to 1. Taking this into aount, by Proposition 1 together with
[11, Theorem 15.3℄, one is left to prove that
lim
n→∞
log ν˜p(π˜Bn(ω))∑n
l=1 log ai1l
= λ(p) for ν˜p-a.e. ω.
It follows from the denition of ν˜p that, for ν˜p-a.e ω, pi1
l
...id
l
> 0 for every l, so we
may restrit our attention to these ω. If d = 2 then ν˜p(π˜Bn(ω)) =
∏n
l=1 pi1l and
the result follows by a diret appliation of (KSLLN). Otherwise we have that
ν˜p(π˜Bn(ω)) =
Ld−2n (ω)∏
l=1
p
i1
l
...i
d−1
l
d−2∏
k=1
Lk−1n (ω)∏
l=Lkn(ω)+1
pi1
l
...ik
l
and
log ν˜p(π˜Bn(ω))∑n
l=1 log ai1l
=
∑Ld−2n (ω)
l=1 log pi1
l
...i
d−1
l∑n
l=1 log ai1l
+
d−2∑
k=1
∑Lk−1n (ω)
l=1 log ai1l ...ikl∑n
l=1 log ai1l
∑Lk−1n (ω)
l=Lkn(ω)+1
log pi1
l
...ik
l∑Lk−1n (ω)
l=1 log ai1l ...ikl
= γn +
d−2∑
k=1
αkn β
k
n.
By suessive appliation of Lemma 1 one gets that
Ld−2n (ω)
n
→
∑
i1
pi1 log ai1∑
i1...id−1
pi1...id−1 log ai1...id−1
for ν˜p-a.e. ω,
and so, by (KSLLN),
γn =
Ld−2n (ω)
n
1
L
d−2
n (ω)
∑Ld−2n (ω)
l=1 log pi1
l
...i
d−1
l
1
n
∑n
l=1 log ai1l
→
∑
i1...id−1
pi1...id−1 log pi1...id−1∑
i1...id−1
pi1...id−1 log ai1...id−1
for ν˜p-a.e. ω. By (5), α
k
n →
n→∞
1 for every k. We write
βkn =
1
L
k−1
n (ω)
∑Lk−1n (ω)
l=1 log pi1l ...ikl −
Lkn(ω)
L
k−1
n (ω)
1
Lkn(ω)
∑Lkn(ω)
l=1 log pi1l ...ikl
1
L
k−1
n (ω)
∑Lk−1n (ω)
l=1 log ai1l ...ikl
.
Using (KSLLN) and Lemma 1 one gets that
lim
n→∞
βkn =
∑
i1...ik
pi1...ik log pi1...ik∑
i1...ik
pi1...ik log ai1...ik
−
∑
i1...ik
pi1...ik log pi1...ik∑
i1...ik+1
pi1...ik+1 log ai1...ik+1
for ν˜p-a.e. ω,
and this gives what we want after a simple rearrangement. 
Lemma 3. dimH µp = λ(p) + t(p).
Proof. As before, one is left to prove that
lim
n→∞
log µ˜p(Bn(ω))∑n
l=1 log ai1l
= λ(p) + t(p) for µ˜p-a.e. ω.
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We have that
µ˜p(Bn(ω)) = ν˜p(π˜Bn(ω))
Ld−1n (ω)∏
l=1
a
t(p)
i1
l
...id
l∑
id a
t(p)
i1
l
...i
d−1
l
id︸ ︷︷ ︸
αn
,
By Lemma 2, we only have to prove that
lim
n→∞
logαn∑n
l=1 log ai1l
= t(p) for µ˜p-a.e. ω.
But
logαn∑n
l=1 log ai1l
= t(p)
∑Ld−1n (ω)
l=1 log ai1l ...idl∑n
l=1 log ai1l
−
1
L
d−1
n (ω)
∑Ld−1n (ω)
l=1 log
(∑
id a
t(p)
i1
l
...i
d−1
l
id
)
n
Ld−1n (ω)
1
n
∑n
l=1 log ai1l
= t(p)βn − γn
δn
.
That βn → 1 follows from (5). Now we an write
γn =
∑
i1...id−1
P (ω,Ld−1n (ω), i
1...id−1)
Ld−1n (ω)
log
(∑
id
a
t(p)
i1...id−1id
)
,
where
P (ω, n, i1...id−1) = ♯{1 ≤ l ≤ n : (i1l ...id−1l ) = (i1...id−1)}
for (i1, ..., id−1) ∈ J . By (KSLLN),
P (ω, n, i1...id−1)
n
→ pi1...id−1 for µ˜p-a.e. ω,
so, by the denition of t(p),
γn → 0 for µ˜p-a.e. ω.
Sine n/Ld−1n (ω) ≥ 1, we have that |δ| ≥ log (min a−1i1 ) > 0, so we also have that
γn
δn
→ 0 for µ˜p-a.e. ω,
thus ompleting the proof. 
As notied in the beginning of this Part, these lemmas imply
dimH Λ ≥ sup
p
{λ(p) + t(p)} .
Part 2: dimH Λ ≤ supp{λ(p) + t(p)}
In this part, d = 3.
Given a probability vetor p we dene
λ1(p) =
∑
i pi log pi∑
i pi log ci
and λ2(p) =
∑
i,j pij log pij −
∑
i pi log pi∑
i,j pij log bij
.
Let t = minp t(p) and t = maxp t(p). Also let
P =

p = (pij)(i,j)∈J : pij > 0 for all (i, j) ∈ J and ∑
i,j
pij = 1

 .
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Lemma 4. Given t ∈ (t, t) and ρ ∈ (0, 1], there exists a probability vetor p =
p(t, ρ), ontinuously varying, suh that t(p) = t and
pij = c
λ1(p)
i b
λ2(p)
ij
(∑
k
atijk
)α (∑
j
b
λ2(p)
ij
(∑
k
atijk
)α)ρ−1
, (i, j) ∈ J
where α = α(t, ρ) ∈ R is C1. Moreover, ∂α/∂t > 0 and, for eah ρ ∈ (0, 1],
α(t, ρ)→ −∞ when t→ t and α(t, ρ)→∞ when t→ t.
Proof. Given α, λ1, λ2 ∈ R, t ∈ (t, t) and ρ ∈ (0, 1], we dene a probability vetor
p(α, λ1, λ2, t, ρ) by
pij(α, λ1, λ2, t, ρ) = C(α, λ1, λ2, t, ρ) c
λ1
i b
λ2
ij
(∑
k
atijk
)α
γi(α, λ2, t)
ρ−1
(9)
where
γi(α, λ2, t) =
∑
j
bλ2ij
(∑
k
atijk
)α
and
C(α, λ1, λ2, t, ρ) =
(∑
i
cλ1i γi(α, λ2, t)
ρ
)−1
,
for eah (i, j) ∈ J .
Let F be the ontinuous funtion dened by
F (α, λ1, λ2, t, ρ) =
∑
i,j
pij(α, λ1, λ2, t, ρ) log
(∑
k
atijk
)
.
We are going to prove there exists a unique α = α(λ1, λ2, t, ρ), ontinuously varying,
suh that F (α, λ1, λ2, t, ρ) = 0, i.e. t(p(α, λ1, λ2, t, ρ)) = t.
Uniity. We have that, for eah (i, j) ∈ J ,
∂pij
∂α
=
1
C
∂C
∂α
pij + log
(∑
j
atijk
)
pij + (ρ− 1) 1
γi
∂γi
∂α
pij .
Also,
1
C
∂C
∂α
= −ρ
∑
i
pi
1
γi
∂γi
∂α
(10)
and
1
γi
∂γi
∂α
=
∑
j
pij
pi
log
(∑
k
atijk
)
(11)
where
pi =
∑
j
pij = Cc
λ1
i γ
ρ
i .
So, by simple rearrangement we get
∂F
∂α
=
∑
i,j
∂pij
∂α
log
(∑
k
atijk
)
= ρ

∑
i
pi
(∑
j
pij
pi
log
(∑
k
atijk
))2
−
(∑
i,j
pij log
(∑
k
atijk
))2
+
∑
i
pi

∑
j
pij
pi
(
log
(∑
k
atijk
))2
−
(∑
j
pij
pi
log
(∑
k
atijk
))2 .
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By the Cauhy-Shwarz inequality we have that the expressions between urly
brakets are non-negative and the seond one is positive if there exists i ∈ {1, ...,m}
suh that the funtion
j 7→
∑
k
atijk
is non-onstant (note that p ∈ P). This is guaranteed by hypothesis (1). Thus
∂F/∂α > 0.
Existene. For xed (λ1, λ2, t, ρ), we will look at the limit distributions of p(α) =
p(α, λ1, λ2, t, ρ) as α goes to +∞ and −∞. For (i, j) ∈ J , dene tij to be the unique
real in [0, 1] satisfying ∑
k
a
tij
ijk = 1.
It is easy to see that t = min(i,j)∈J tij and t = max(i,j)∈J tij . Let
At = max
(i,j)∈J
∑
k
atijk.
For (i, j) ∈ J suh that t < tij we have that∑
k
atijk >
∑
k
a
tij
ijk = 1,
so At > 1. Consider (¯i, j¯), (i, j) ∈ J suh that∑
k
atijk <
∑
k
ati¯j¯k = At.
We have
pij(α)
pi¯j¯(α)
≤ C
(∑
k a
t
ijk∑
k a
t
i¯j¯k
)α (
γi¯(α)
γi(α)
)1−ρ
,
for some onstant C not depending on α. Now, for α > 0,
γi¯(α)
γi(α)
≤ C˜
(∑
k a
t
i¯j¯k∑
k a
t
ijk
)α
,
for some onstant C˜ not depending on α. So,
pij(α)
pi¯j¯(α)
≤ CC˜
(∑
k a
t
ijk∑
k a
t
i¯j¯k
)αρ
,
whih onverges to 0 as α→∞. This implies that∑
i,j
pij(α) log
(∑
k
atijk
)
−→
α→∞
logAt > 0. (12)
In the same way, dening
Bt = min
(i,j)∈J
∑
k
atijk < 1,
and taking (i, j), (i, j) ∈ J suh that
Bt =
∑
k
atijk <
∑
k
atijk,
we get, for α < 0,
pij(α)
pij(α)
≤ CC˜
(∑
k a
t
ijk∑
k a
t
ijk
)αρ
,
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whih onverges to 0 as α→ −∞. This implies that∑
i,j
pij(α) log
(∑
k
atijk
)
−→
α→−∞
logBt < 0. (13)
By (12), (13) and ontinuity, there exists α ∈ R suh that F (α, λ1, λ2, t, ρ) = 0.
The ontinuity of α(λ1, λ2, t, ρ) follows from the uniqueness part and the impliit
funtion theorem. Atually, sine F (α, λ1, λ2, t, ρ) is ontinuously dierentiable, we
also get that α(λ1, λ2, t, ρ) is ontinuoulsly dierentiable. Moreover,
∂α
∂t
= −
(
∂F
∂α
)−1
∂F
∂t
where
∂F
∂t
=
∑
i,j
pij
∑
k a
t
ijk∑
k a
t
ijk log aijk
whih satises
−∞ < (logmax aijk)−1 ≤ ∂F
∂t
≤ (logmin aijk)−1 < 0,
and so ∂α/∂t > 0. Observe that t(p) = t⇒ p ∈ ∂P (in this lemma we are assuming
t < t), so sine
t(p(α(λ1, λ2, t, ρ)))→ t when t→ t
then
p(α(λ1, λ2, t, ρ))→ ∂P when t→ t,
whih implies
α(λ1, λ2, t, ρ)→∞ when t→ t
(this onvergene is uniform in λ1, λ2 ∈ [0, 1]). In the same way we see that
α(λ1, λ2, t, ρ)→ −∞ when t→ t.
Now we want to nd λ1 = λ1(λ2, t, ρ) dierentiable suh that
C(α(λ1, λ2, t, ρ), λ1, λ2, t, ρ) = 1. (14)
We have
∂
∂λ1
C(α(λ1, λ2, t, ρ), λ1, λ2, t, ρ) =
∂C
∂α
∂α
∂λ1
+
∂C
∂λ1
Observe that, by (10) and (11),
∂C
∂α
= 0
(at points (α(λ1, λ2, t, ρ), λ1, λ2, t, ρ)), and
∂ logC
∂λ1
=
1
C
∂C
∂λ1
= −
∑
i
pi log ci ≥ min
i
log c−1i > 0. (15)
So, C(α(λ1, λ2, t, ρ), λ1, λ2, t, ρ) is a dierentiable funtion, for eah (λ2, t, ρ), is
stritly inreasing in λ1 and, by (15), has limit ∞ as λ1 → ∞ and limit 0 as
λ1 → −∞. By the impliit funtion theorem, there is a unique λ1 = λ1(λ2, t, ρ),
whih is dierentiable, satisfying (14). Moreover,
∂λ1
∂λ2
= −
(
∂C
∂λ1
)−1
∂C
∂λ2
(16)
and
∂C
∂λ2
= −ρC
∑
i
pi
1
γi
∂γi
∂λ2
. (17)
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Now we see that
1
γi
∂γi
∂λ2
=
∑
j
pij
pi
log bij . (18)
So, by (15)-(18) we get
∂λ1
∂λ2
= −ρ
∑
i,j pij log bij∑
i pi log ci
(19)
We use the following notation
Θ˜(λ2, t, ρ) = (α(λ1(λ2, t, ρ), λ2, t, ρ), λ1(λ2, t, ρ), λ2, t, ρ),
Θ(λ2, t, ρ) = (α(λ1(λ2, t, ρ), λ2, t, ρ), λ2, t, ρ).
We see that
λ1(p(Θ˜)) = λ1 + ρ
∑
i pi(Θ˜) log γi(Θ)∑
i pi(Θ˜) log ci
,
λ2(p(Θ˜)) = λ2 −
∑
i pi(Θ˜) log γi(Θ)∑
i,j pij(Θ˜) log bij
.
So, we are left to prove there exists λ2 = λ2(t, ρ), ontinuously varying, suh that∑
i
pi(Θ˜) log γi(Θ) = 0. (20)
We have that
∂
∂λ2
∑
i
pi(Θ˜) log γi(Θ) =
∂λ1
∂λ2
∑
i
pi(Θ˜) log ci + (ρ+ 1)
∑
i
pi(Θ˜)
1
γi(Θ)
∂
∂λ2
γi(Θ)
= −ρ
∑
i,j
pij(Θ˜) log bij + (ρ+ 1)
∑
i
pi(Θ˜)
1
γi(Θ)
∂
∂λ2
γi(Θ), (21)
where we have used (19). Now we see that
1
γi(Θ)
∂
∂λ2
γi(Θ) =
1
γi(Θ)
∂γi
∂α
(Θ)
(
∂α
∂λ1
∂λ1
λ2
+
∂α
∂λ2
)
+
1
γi(Θ)
∂γi
∂λ2
(Θ) (22)
and
1
γi(Θ)
∂γi
∂λ2
(Θ) =
∑
j
pij(Θ˜)
pi(Θ˜)
log bij . (23)
Also remember from (11) that∑
i
pi(Θ˜)
1
γi(Θ)
∂γi
∂α
(Θ) = 0. (24)
Then, it follows from (21)-(24) that
∂
∂λ2
∑
i
pi(Θ˜) log γi(Θ) =
∑
i,j
pij(Θ˜) log bij ≤ max
i,j
log bij < 0,
and, as before, by the impliit funtion theorem, this implies there exists a unique
λ2 = λ2(t, ρ), ontinuously varying, satisfying (20), thus onluding the proof of
Lemma 4. 
Lemma 5. For every ω ∈ Ω, n ∈ N and k = 1, 2,
Lkn+1(ω)− Lkn(ω) ≤ 1.
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Proof. We have that, for k = 1,
n+1∏
l=1
cil ≤
L1n+1(ω)∏
l=1
biljl and
n∏
l=1
cil >
L1n(ω)+1∏
l=1
biljl
so
L1n+1(ω)∏
l=L1n(ω)+2
biljl > cin+1
whih implies
L1n+1(ω)− L1n(ω) ≤
logmin ci
logmax bij
+ 1 < 2.
The ase k = 2 is similar. 
Let s = sup
p
{λ(p) + t(p)}.
Lemma 6. For every ω ∈ Ω there exists p ∈ P suh that
lim inf
n→∞
log µ˜p(Bn(ω))∑n
l=1 log cil
≤ s.
Proof. Fix ω ∈ Ω. We use the notation
dp,n(ω) =
log µ˜p(Bn(ω))∑n
l=1 log cil
.
Then it follows from the proofs of Lemma 2 and Lemma 3 that, if p ∈ P ,
dp,n(ω) =
∑n
l=1 log pil∑n
l=1 log cil
+ βn(ω)
∑L1n(ω)
l=1 log piljl −
∑L1n(ω)
l=1 log pil∑L1n(ω)
l=1 log biljl
(25)
+ ηn(ω)t(p)−
∑L2n(ω)
l=1 log
(∑
k a
t(p)
iljlk
)
∑n
l=1 log cil
where, by (5),
βn(ω) =
∑L1n(ω)
l=1 log biljl∑n
l=1 log cil
−→
n→∞
1
and
ηn(ω) =
∑L2n(ω)
l=1 log ailjlkl∑n
l=1 log cil
−→
n→∞
1.
Given t ∈ (t, t) and ρ ∈ (0, 1], onsider the probability vetor p(t, ρ), suh that
t(p(t, ρ)) = t, given by Lemma 4. Applying (25) to p(t, ρ) we obtain
dp(t,ρ),n(ω) = λ1(p(t, ρ)) + βn(ω)λ2(p(t, ρ)) + ηn(ω)t (26)
+
ρ
∑n
l=1 log γil(t, ρ)−
∑L1n(ω)
l=1 log γil(t, ρ)∑n
l=1 log cil
+
α(t, ρ)
∑L1n(ω)
l=1 log
(∑
k a
t
iljlk
)
−∑L2n(ω)l=1 log(∑k atiljlk)∑n
l=1 log cil
,
where
γi(t, ρ) =
∑
j
b
λ2(p(t,ρ))
ij
(∑
k
atijk
)α(t,ρ)
.
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So we must prove that there exist t∗ ∈ (t, t) and ρ∗ ∈ (0, 1] suh that
lim sup
n→∞
1
n
{
ρ∗
n∑
l=1
log γil(t∗, ρ∗)−
L1n(ω)∑
l=1
log γil(t∗, ρ∗) (27)
+ α(t∗, ρ∗)
L1n(ω)∑
l=1
log
(∑
k
at∗iljlk
)
−
L2n(ω)∑
l=1
log
(∑
k
at∗iljlk
)}
≥ 0.
By Lemma 4 and the inverse funtion theorem, given ρ ∈ (0, 1] and a ∈ R, there
exists a unique funtion t(ρ, a) ∈ (t, t), whih is ontinuous, inreasing in a and
satises
α(t(ρ, a), ρ) = a. (28)
Let
ρ0 = lim inf
n→∞
L1n(ω)
n
, ρ1 = lim sup
n→∞
L1n(ω)
n
,
a0 = lim inf
n→∞
L2n(ω)
L1n(ω)
, a1 = lim sup
n→∞
L2n(ω)
L1n(ω)
,
and
t0 = min
ρ∈[ρ0,ρ1]
t(ρ, a0), t1 = max
ρ∈[ρ0,ρ1]
t(ρ, a1).
Let
ρn =
L1n(ω)
n
, an =
L2n(ω)
L1n(ω)
and tn = t(ρn, an).
Note that, using Lemma 5, we easily see that (for all n suiently large)
|ρn+1 − ρn| ≤ 2
n
and |an+1 − an| ≤ 4τ
−2
n
where
τ =
logmax ci
2 logmin aijk
,
so we satisfy Lemma 8 hypotheses (see also Corollary 1 and Remark 2). Then, by
Lemma 8, for every (t, ρ) ∈ [t0, t1]× [ρ0, ρ1]
F (t, ρ) = lim sup
n→∞
1
n
{
ρn
n∑
l=1
log γil(t, ρ)−
L1n(ω)∑
l=1
log γil(t, ρ) (29)
+ an
L1n(ω)∑
l=1
log
(∑
k
atiljlk
)
−
L2n(ω)∑
l=1
log
(∑
k
atiljlk
)}
≥ 0.
Sine, for all (i, j),
(t, ρ) 7→ log γi(t, ρ), t 7→ log
(∑
k
atijk
)
(30)
are ontinuous funtions, so is F (t, ρ). By adding some onstant, we may assume
the funtions in (30) are ≥ 1, beause by denition of ρn and an this does not
hange F (t, ρ). Let ρ¯(t, ρ) be the biggest aumulation point of (ρn) for whih the
lim sup in (29) is attained, so that
F (t, ρ) = lim sup
n→∞
1
n
{
ρ¯(t, ρ)
n∑
l=1
log γil(t, ρ)−
L1n(ω)∑
l=1
log γil(t, ρ)
+ an
L1n(ω)∑
l=1
log
(∑
k
atiljlk
)
−
L2n(ω)∑
l=1
log
(∑
k
atiljlk
)}
.
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The ontinuity of F and the funtions in (30) imply that ρ¯(t, ρ) is also ontinuous.
By (28) we an also write
F (t, ρ) = lim sup
n→∞
1
n
{
ρ¯(t, ρ)
n∑
l=1
log γil(t, ρ)−
L1n(ω)∑
l=1
log γil(t, ρ) (31)
+ α(tn, ρ¯(t, ρ))
L1n(ω)∑
l=1
log
(∑
k
atiljlk
)
−
L2n(ω)∑
l=1
log
(∑
k
atiljlk
)}
.
Now let t¯(t, ρ) be the biggest aumulation point of (tn) for whih the lim sup in (31)
is attained. Using the same arguments as before we see that t¯(t, ρ) is ontinuous
and
F (t, ρ) = lim sup
n→∞
1
n
{
ρ¯(t, ρ)
n∑
l=1
log γil(t, ρ)−
L1n(ω)∑
l=1
log γil(t, ρ)
+ α(t¯(t, ρ), ρ¯(t, ρ))
L1n(ω)∑
l=1
log
(∑
k
atiljlk
)
−
L2n(ω)∑
l=1
log
(∑
k
atiljlk
)}
.
Sine
(t¯, ρ¯) : [t0, t1]× [ρ0, ρ1]→ [t0, t1]× [ρ0, ρ1]
is ontinuous, by Brouwer's xed point theorem there is (t∗, ρ∗) ∈ [t0, t1] × [ρ0, ρ1]
suh that
t¯(t∗, ρ∗) = t∗ and ρ¯(t∗, ρ∗) = ρ∗
thus proving (27). 
Part 2 will be onluded in the following lemma.
Lemma 7.
dimH Λ ≤ sup
p
{λ(p) + t(p)}.
Proof. Let ε > 0. Consider the approximate ubes of order n given by Bn(z) =
χ(Bn(ω)) where ω ∈ χ−1(z), z ∈ Λ, n ∈ N. Then it follows from Lemma 6 that
∀z∈Λ ∀N∈N ∃n>N ∃p∈P : logµp(Bn(z))
log |Bn(z)| ≤ s+ ε. (32)
Given δ, η > 0, we shall build a over Uδ,η of Λ by sets with diameter < η suh that∑
U∈Uδ,η
|U |s+ε+2δ ≤
√
3 (max a−1ijk)Mδ
where Mδ is an integer depending on δ but not on η. This implies that dimH Λ ≤
ε+2δ whih gives what we want beause ε and δ an be taken arbitrarily small. Let
c = max ci < 1. It is lear that there exists a nite number of Bernoulli measures
µ1, ..., µMδ suh that
∀p ∃k∈{1,...,Mδ} :
µp(Bn)
µk(Bn)
≤ c−δn
for all approximate ubes of order n, Bn. By (32), we an build a over of Λ by
approximate ubes Bn(zi), i = 1, 2, ... that are disjoint and have diameters < η,
suh that
µpi(Bn(zi)) ≥ |Bn(zi)|s+ε+δ
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for some probabilty vetors p
i
. It follows that∑
i
|Bn(zi)|s+ε+2δ ≤
∑
i
µpi(Bn(zi)) |Bn(zi)|δ
≤
∑
i
µki(Bn(zi)) c
−δn(zi)
√
3 (max a−1ijk) c
δn(zi)
≤
√
3 (max a−1ijk)
Mδ∑
k=1
∑
i
νk(Bn(zi)) ≤
√
3 (max a−1ijk)Mδ
as we wish. 
This ends the proof of Theorem A.
4. A alulus lemma
Here we prove a alulus lemma whih is a non-linear extension of [7, Lemma
4.1℄, and is ruial in proving Lemma 6.
Lemma 8. Let fk : (0,∞) → R be Lipshitz funtions for k = 1, 2, ..., r, and
suppose αk : (0,∞)→ R is bounded, C1 and there exist positive onstants δ, C suh
that
• αk(u) > δ, (33)
• |α′k(u)| ≤
C
u
(34)
for every u > 0. Then
lim sup
u→∞
1
u
r∑
k=1
(
αk(u)fk(u)− fk(αk(u)u)
)
≥ 0. (35)
Proof. First we begin by proving the simpler ase for whih
|α′k(u)| ≤
C
uσ
(36)
for some σ > 1, and then say how it extends to the the ase (34).
Following [7℄, we dene gk : (0,∞) → R by gk(x) = e−xfk(ex) for k = 1, ..., r.
Then we must see that
lim sup
x→∞
r∑
k=1
αk(e
x)
(
gk(x)− gk(x+ logαk(ex))
)
≥ 0. (37)
We will see that ∣∣∣∣∣
∫ u
0
r∑
k=1
αk(e
x)
(
gk(x) − gk(x + logαk(ex))
)
dx
∣∣∣∣∣ (38)
is bounded in u, whih implies (37).
We will use the hange of oordinates y = x+ logαk(e
x), whih is invertible for
x > a, for some a > 0, due to onditions (33) and (36). Also, the funtions gk are
bounded beause the funtions fk are Lipshitz. Then we nd some M > 0 suh
that (38) is bounded by
M +
∣∣∣∣∣
∫ u
a
r∑
k=1
αk(e
x)
(
gk(x)− gk(x + logαk(ex))
)
dx
∣∣∣∣∣ .
Using the intermediate value theorem and (36) we obtain∣∣∣∣∣
r∑
k=1
∫ u
a
(
αk(e
x)− αk(ex+logαk(e
x))
)
gk(x+ logαk(e
x)) dx
∣∣∣∣∣ ≤M
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for u > 0 (by inreasing M if neessary). So, (38) is bounded by
2M +
∣∣∣∣∣
∫ u
a
r∑
k=1
(
αk(e
x)gk(x) − αk(ex+logαk(ex))gk(x+ logαk(ex))
)
dx
∣∣∣∣∣ . (39)
By doing the hange of oordinates y = x+ logαk(e
x), (39) beomes
2M+∣∣∣∣∣
r∑
k=1
(∫ u
a
αk(e
x)gk(x) dx −
∫ u+logαk(eu)
a+logαk(ea)
αk(e
y)gk(y)
αk(e
x(y))
αk(ex(y)) + α′k(e
x(y))ex(y)
dy
)∣∣∣∣∣
≤ 2M
+
r∑
k=1
∣∣∣∣∣
∫ a+logαk(ea)
a
αk(e
x)gk(x) dx
∣∣∣∣∣ +
r∑
k=1
∣∣∣∣∣
∫ u
u+logαk(eu)
αk(e
x)gk(x) dx
∣∣∣∣∣ (40)
+
r∑
k=1
∣∣∣∣∣
∫ u+logαk(eu)
a+logαk(ea)
αk(e
y)gk(y)
α′k(e
x(y))ex(y)
αk(ex(y)) + α′k(e
x(y))ex(y)
dy
∣∣∣∣∣ . (41)
The terms in (40) are bounded beause the funtions gk and αk are bounded. To
prove the boundeness of the term in (41) we also use ondition (36) (and the inverse
hange of oordinates). Thus (38) is bounded, onluding the proof of this rst ase.
Before going to the general ase we notie that the proof above also works when
|α′k(u)u| ≤
C
log u
,
u > 0, for some onstant C > 0, beause we are allowed to hange the limits of
integration in (38), namely 0 < a(u) < b(u) suh that b(u) − a(u) → ∞ when
u→∞, and suh that ∫ eb(u)
ea(u)
|α′k(x)| dx
is bounded in u. For instane,
a(u) = u and b(u) = 2u
will do.
Now suppose the funtions αk only satisfy (34). We dene βk : (1,∞)→ R by
βk(u) =
1
log u
∫ u
1
αk(x)
x
dx.
Then this lemma's hypotheses are also satised for the funtions βk, and moreover
β′k(u)u =
αk(u)− βk(u)
log u
,
so, by the proof above, the result (35) holds with the funtions βk. Let (un) be a
sequene at whih the limit in (35) is attained. By taking a subsequene if neessary,
we may assume that (βk(un)) and (αk(un)) are onvergent, k = 1, ..., r. We want
to see that
|βk(un)− αk(un)| → 0 when n→∞, (42)
beause then, using that the funtions fk are Lipshitz, we also have that (35) holds
with the funtions αk. By Cauhy's rule (lim f/g = lim f
′/g′),
lim
n→∞
βk(un) = lim
n→∞
∫ un
1
αk(x)
x
dx
log un
= lim
n→∞
αk(un),
as we want (note that we an realise un = ξ(n) where ξ(x) is a dierentiable
funtion). 
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Corollary 1. Suppose in addition to Lemma 8 hypotheses there are funtions
βk : (0,∞)→ R, k = 1, ..., r satisfying the same hypotheses of αk. Then
lim sup
u→∞
1
u
r∑
k=1
(αk(u)
βk(u)
fk(βk(u)u)− fk(αk(u)u)
)
≥ 0.
Proof. Dene gk : (0,∞)→ R by gk(u) = fk(βk(u)u). Sine the funtions βk satisfy
the same onditions (33) and (34) as αk, we an easily see that the funtions
αk
βk
also do satisfy them, and that gk are Lipshitz funtions. Sine
αk(u)
βk(u)
fk(βk(u)u)− fk(αk(u)u) = αk(u)
βk(u)
gk(u)− gk(αk(u)
βk(u)
u),
we an apply Lemma 8. 
Remark 2. Lemma 8 (and its Corollary 1) also works when the funtions fk and
αk are dened only on the positive integers, by extending them in a pieewise
linear fashion, if we substitute fk being Lipshitz and hypothesis (34) on αk by,
respetively,
|fk(n+ 1)− fk(n)| ≤ C and |αk(n+ 1)− αk(n)| ≤ C
n
for all n, for some onstant C > 0.
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